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Abstract 

In this paper, we investigate the decay property of scattering solutions 
to the initial value problem for the free Schrodinger equation in R. It 
becomes clear that the rate of time decay is essentially determined by 
the behavior of the Fourier transform of initial data near the origin. The 
proof is described by basic calculus. 

1 Introduction 

Let us consider the free Schrodinger equation 

with initial data u(0,x) = Uq(x), where i = and u is a complex- 

valued function of t £ R and x £ R. If uo is a squared-integrable function, 
then we can solve the equation {]]), such as 

1 f 00 1 2 

u(t,ar) = (27r)-i / e^e - *'* u (0 d£, (2) 

J — oc 

where So stands for the Fourier transform of wo- For any squared-integrable 
function v in R, we define 

v{0 = (2tt)-5 / e - lxi v(x) dx. (3) 

J — oo 

There are two types of solutions to the free Schrodinger equation clas- 
sifies by the behavior as t — > oo. Let A be an eigenvalue of the operator 
~\~§x* an< ^ ^ ^ e ^ e corres P on ding eigenfunction, that is, 

-\^{x) = M{x). (4) 

Then, u{t,x) = e~ iXt ip(x) is a solution to the equation although u may 
not belong as a function of x, to the class of squared-integrable functions. 
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This u(t, x) does not decay in time as \t\ — > oo, because the absolute value 
of e~ lXt is one for any t in R. A solution of this type is called a bound-state 
solution. 

On the other hand, a solution which decays in time as |t| — > oo is 
called a scattering solution. As an example of scattering solutions, we 
give uo(x) = e~z x , then we can explicitly solve the equation, 

1 x 2 

u(t,x) = {2tt(1 + it)} 2 e 2 ( i+«) j (5) 

which decays at the rate of \t\~z as \t\ — > 00. In this paper, we investigate 
the decay property of scattering solution u(t,x) as \t\ — > 00. 

Before describing the main result, we define function spaces. Let SI be 
an open set in R. We say v G L 2 (Q) if the quantity 

\v(x)\ 2 dx (6) 

n 

is finite. L 2 (Q) is a Hilbert space with the inner product 

(u,v)= / u(x)v(x) dx (7) 
Jn 



for any u £ L 2 (Q) and v € L 2 (Q). We use the norm ||w||_l2(q) = \J (u, u) 
throughout the paper. ||u|| L 2( f2 ) is equal to the square root of ([6]). 
Then, we can prove the following result. 

Theorem 1. Let xu € L 2 (R). If 

C 2 MO € L 2 (\£\ < 1) (8) 

and 

r 1 (^fio) (0 g ^ 2 (ici < i), (9) 

then 

\u(t,x)\<C(l + \x\)\t\-\ (10) 

/or any t G R and where C > is a constant which is independent 

both of t and x . 

It should be remarked that the region |£| < 1 is not essential. This 
may be changed into any compact set which contains £ = 0. 

2 Lemmas 

In this section, we discuss some lemmas in order to prove the main theorem 
later. 

Lemma 1. Let u G L 2 (R), f _1 M £ L 2 (\£\ < 1) and 

roc 

Ii(t,x)= e^e-** C'MO di. (11) 



T/ien 

!/!(*, x)| < V^Hr^oCOH^dJK!) +V2\\u \\ L2{u) . (12) 
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Proof. We have 

/oo 
-oo 

= / \C 1 Mt)\dt+ ! IC'MOldC 
J\a\<i J\a\>i 

By Schwarz' inequality, we obtain 

/ i ■ ir'fiotoi de < ( / i 2 ) 2 f / ir'fiott)! 

•/|£l<i V J I€I <:L / V/KK 1 

= v^lir'MOIU'aeKi)- 

On the other hand, we have similarly 

f \c 1 mo\ di<{( ier 2 deV f / iao(oi 2 del 

Plancerel theorem implies 

/ l«0(0| 2 < ll«0||l2 (H) = ||W0|| 2 2 (E) , 

J\1\>1 

which concludes our desired estimate. 

Lemma 2. Let u G L 2 (R), £~ 2 u G L 2 (|£| < 1) and 

/oo 1 2 

c i»« e -i«e r 2 fi() ( 5 ) df. 
-oo 

Then 

\i 2 (t,x)\<V2\\r 2 u m^ m <i ) + c2 

for some C2 > 0, independent both oft and x. 

Proof. By similar discussion to the previous lemma, we obtain 

\c 2 mo\ d? 

_ -00 

< v^iir a fio(oiu*(i€i<i) + c2 

where 

Jiei>i 

which completes the proof of the lemma. 

In the following lemma, denotes J| . 
Lemma 3. Let xu G L 2 (R), £ _1 dfUo G L 2 (\£\ < 1) and 

-00 

Then 

|/3|<^||r 1 (a e fi )(e)|| i 2 ( | e | <1) + C3 

/or some C3 > 0, independent both oft and x. 



Proof. Similary, we obtain 

\h(t,x)\< [ |r 1 (0efio)(O|d£+ / ir'^efioJK)! (23) 

By the theory of Fourier transformation, xwo £ L (R) implies that there 
exists d^iio in L 2 (R), so that 

\h(t,x)\ < v / 2||r 1 (5 S Mo)(OIU2(| ? |<i) +C 3 , (24) 

where 

Cs= / ir'^o)^)! ^ (25) 

is a positive constant which is independent both of t and x. □ 

3 Proof of the main theorem 

We can prove the main theorem by basic technic in calculus. The key idea 
of the proof is 



^ e -^ 2 = (-^)e-^ 2 , (26) 
which implies 

u(t,x) = (2ny H-ity 1 j e^r 1 ^ [e - *" 4 J «o(0 C (27) 
Integrating the above integral by part, 

(28) 

if t*o € L 2 (R). It follows from Leibniz' rule that 

u(t,x) = {2ir)~h~ 1 (-xh(t,x) ~ ih(t,x) +il 3 (t,x)) (29) 

where 

/oo 12 

e i«e e - 3 it€ r 2 u (0 d£ (30) 

-oo 

/OO 12 
e" e e-' it€ r'(9«flo)(f) d£. 
-oo 

From the results discussed in the previous section, we obtain 

\u(t,x)\ < ^rA{ (v^lir'flo^ll^deKD+V^lluoll^cR))^! 

II fail 
+(^||r 2 «o(e)llL 2 (iei<i)+C 2 ) 1 > 

+(V2||r 1 (^o)(e)llL 2( iei<i)+C3)} 

when C _2 wo(C) £ £ 2 (l£l < 1) and e _1 (9«wo)(6 G £ 2 (|?| < 1)- Hence, 

\u(t,x)\<C(l + \x\)\t\-\ (32) 

where C > is a constant which depends only on the behavior of u near 
£ = 0. This statement completes the proof of the theorem. 
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